Abstract. The aim of this paper is to classify Ricci soliton metrics on 7-dimensional nilpotent Lie groups. It can be considered as a continuation of our paper in Transformation Groups, Volume 17, Number 3 (2012), 639-656. To this end, we use the classification of 7-dimensional real nilpotent Lie algebras given by Ming-Peng Gong in his Ph.D thesis and some techniques from the results of Michael Jablonski in [J1, J2] and of Yuri Nikolayevsky in [Nk2] . Of the 9 one-parameter families and 140 isolated 7-dimensional indecomposable real nilpotent Lie algebras, we have 99 nilsoliton metrics given in an explicit form and 7 one-parameter families admitting nilsoliton metrics.
Introduction
The Ricci flow, introduced by Richard Hamilton in the early 1980s, is a geometric evolution equation which deforms smoothly an initial metric g 0 on a Riemannian manifold M in the direction of minus two times its Ricci tensor: ∂ ∂t g = −2 ric g , g(0) = g 0 .
The "philosophy" behind this tool of geometric analysis is to try to evolve the geometry of (M, g 0 ) to one which looks "more uniform" (although in practice, it is not always possible).
A Ricci soliton is a complete Riemannian metric g 0 such that the solution to the Ricci flow g(t) with g(0) = g 0 changes g 0 only by diffeomorphisms and scaling as time goes on, that is g(t) = c(t)ϕ * t g 0 , where c(t) ∈ R + and ϕ t is a one-parameter group of diffeomorphisms of M ; a Ricci soliton is not "improved" by the Ricci flow. These "distinguished" metrics are important in the study of the Ricci flow because they may be limiting cases for the Ricci flow near singularities and are a natural generalization of an Einstein metric ( [C] ).
In Ricci Flow theory, homogeneous Riemannian manifolds provide a rich source of explicit examples for some concepts and behaviors. Moreover, many of the known examples of Ricci solitons correspond to algebraic Ricci solitons: these are given by a left-invariant metric g on a simply-connected Lie group G satisfying Ric(g) = c Id +D, for some c ∈ R and D ∈ Der(g) (1.1) where g = Lie (G) and Ric is the Ricci operator of g.
Such metrics are indeed Ricci solitons and in the particular case that G is solvable (respectively nilpotent) are called solvsolitons (respectively nilsolitons).
Our aim in this paper is to classify nilsolitons on 7-dimensional simply connected nilpotent Lie groups. In general, it is difficult to know if a nilpotent Lie algebra admits a nilsoliton (inner product) and it is very difficult to get such metric when it exists. Nilsoliton metrics have been completely classified only up to dimension 6 by Jorge Lauret and Cynthia Will in [L2, W] (with a minor correction in [LW2] ). In [KP] , Trayce Payne and Hülya Kadioglu have introduced a computational method for classifying nilsoliton metrics in the family of nilpotent Lie algebras with simple pre-Einstein derivation and nonsingular Gram matrix. Their method does not rely on any preexisting classifications of nilpotent Lie algebras. They classify nilsolitons within this family, which has 33 algebras in dimensions 7 and 159 algebras in dimension 8. In [F1] , we gave a complete classification of all seven-dimensional (complex) nilpotent Lie algebras n such that a real form of n admits a nilsoliton inner product. In order, to prove [F1, Theorem 7] , we make heavy use of results proved by Yuri Nikolayevsky in [Nk2] (some of such results were independently proved by Michael Jablonski in [J2, J1] in a more general form).
In these notes, we use the classification of seven-dimensional real nilpotent Lie algebras given by Ming-Peng Gong in his Ph.D thesis ( [G] ), results from complex (and real) Geometric Invariant Theory ( [N, J2, J1, F3] ) and calculations given in [F2] .
Following [G] , the indecomposable 7-dimensional real Lie algebras can be seen as 9 oneparameter families of nilpotent Lie algebras plus 140 "isolated" nilpotent Lie algebras; i.e. 140 algebras that are not in any of such one-parameter families. As we mentioned before, to give a nilsoliton metric can be a very complicated problem and, in the case of one-parameter families admitting nilsoliton metrics, to give a nilsoliton metric explicitly for each member of the family in a simultaneous manner it seems almost impossible. Therefore, we focus our attention in isolated algebras and in the family (147E)[0 < t < 1] where we can give a nilsoliton metric for each t. So, we have 99 nilsoliton metrics and 7 one-parameter families admitting nilsoliton metrics. The methods explained here can also be used to study any fixed member in a one-parameter family.
Our classification is the result of a case-by-case analysis, so many illustrative examples are carefully developed to explain how to obtain the main result. Some nilsoliton metrics here were obtained in [F2] , we refer the reader to [F1] for more details.
Preliminaries
In this section, we give a brief exposition on nilsoliton metrics and real (and complex) geometric invariant theory. There is an intriguing interplay between the Ricci flow on nilpotent Lie groups and the gradient flow of the norm squared of the moment map associated to the natural action of
It is known that if n ∶= (R n , µ) is a nilpotent Lie algebra and ⟨⋅, ⋅⟩ is the canonical inner product of R n , then the Ricci operator of (R n , µ, ⟨⋅, ⋅⟩) satisfies
where m is the moment map. It follows that to minimize the norm of the Ricci tensor among all left-invariant metrics of n with the same scalar curvature is equivalent to minimize m 2 µ 4 along the GL n (R)-orbit of µ (here, the inner products on gl n (R) and V , which are denoted by ⟨⟨⋅, ⋅⟩⟩ and ⟨⋅, ⋅⟩ respectively, are those induced by the canonical inner product of R n ).
Theorem 2.1 (Jorge Lauret). (see for instance [L4, Theorem 4.2] ) The nilpotent Lie algebra n ∶= (R n , µ) admits a nilsoliton (inner product) if and only if the GL n (R)-orbit of µ is distinguished; i.e. GL n (R) ⋅ µ contains a critical point of m 2 , or equivalently, if and only if there exists a g ∈ GL n (R) such that m(μ) = c Id +D for some c ∈ R and D ∈ Der(ñ) (2.2) whereμ ∶= g ⋅ µ andñ ∶= (R n ,μ). There is at most one nilsoliton metric on a nilpotent Lie group (up to isometry and scaling).
A pointμ satisfying the Equation (2.2) is called a distinguished point (see [J1, Definition 2.6] ) and the derivation D is usually called Einstein derivation (in connection with Einstein solvmanifolds) or nilsoliton derivation.
It is know from [H] that the eigenvalues of an Einstein derivation are all positive integers without a common divisor (up to a rational factor) and that it is, up to conjugation by an automorphism, positively proportional to the pre-Einstein derivation, which is defined by Yuri Nikolayevsky in [Nk2, Definiton 2] .
Before stating the techniques to classify the nilsoliton metrics, let us first recall some notations.
Notation 2.2. Let a denote the maximal abelian subalgebra of gl n (R) contained in the vector space of symmetric matrices p given by
and set A ∶= exp(a).
Let Φ be a finite subset of a. The convex hull of Φ will be denoted by CH(Φ) while by Aff(Φ) we denote the affine space generated by Φ. mcc(Φ) denotes the minimal convex combination of Φ; i.e. the unique vector closest to the origin in CH(Φ). The notation int(CH(Φ)) represents the interior of CH(Φ) relative to the usual topology of Aff(Φ).
Given a nilpotent Lie algebra n ∶= (R n , µ) we denote by R(µ) the (ordered) set of weights related with µ to the action of GL n (R) on V , i.e. if {C k i,j } are the structural constants of n in the basis {e 1 . . . e n } then
where {E i,j } is the canonical basis of gl n (R).
Recall that Nikolayevsky's nice basis criterium ([Nk2, Theorem 3] ) says that a nilpotent Lie algebra n ∶= (R n , µ) which is written in a nice basis ([Nk2, Definition 3]) admits a nilsoliton metric if and only if the Equation
has at least one solution x with positive coordinates, where m = #(R(µ)) and U is the Gram matrix of (R(µ), ⟨⟨⋅, ⋅⟩⟩). This result give us an easy-to-check convex geometry condition for a nilpotent Lie algebra with a nice basis to be an Einstein nilradical.
If one carefully reads the proof of the above theorem one sees that it gives us a technique to find a nilsoliton on a nilpotent Lie algebra which is written in a nice basis and admits such distinguished metric; a nilsoliton can be found it in a A-orbit. So, Nikolayevsky's nice basis criterium can be rewritten as Theorem 2.3. [Nikolayevsky's nice basis criterium] Let n ∶= (R n , µ) be a nilpotent Lie algebra such that n is written in a nice basis. n admits a nilsoliton if and only if there exist g ∈ A such that m(g ⋅ µ) = mcc(R(µ)), (2.4) and, consequently,μ ∶= g ⋅ µ is a distinguished point in the GL n (R)-orbit of µ.
To find a nilsoliton metric for a nilpotent Lie algebra admitting such metric and which is written in a nice basis is easy in practice. We must calculate the vector mcc(R(µ)), which is given by 1
where [x i ] is any positive solution to the Equation (2.3) and we solve the Equation (2.4) for g ∈ A. We refer the reader to [J2, Corollary 3.4] or [F3, Section 3] for further information on results related with Theorem 2.3. Another application from geometric invariant theory in the study of nilsoliton metrics is the following result, which was proven independently Michael Jablonski in [J2, Theorem 6.5] and Yuri Nikolayevsky in [Nk2, Theorem 6].
Theorem 2.4. Let n 1 and n 2 be two (real) nilpotent Lie algebras whose complexifications are isomorphic as complex nilpotent Lie algebras. If n 1 is an Einstein nilradical then so is n 2 , with the same eigenvalue type.
Consider the natural action of the complex reductive Lie group GL n (C) on Λ
and its moment mapm as in [N] (see [L3] ). The Theorem 2.4 can be derived of comparing the distinguished orbits of the mentioned action with the distinguished orbits of the natural action of GL n (R) on Λ
We can rephrase the Theorem 2.4 as saying that
Let n ∶= (R n , µ) be a nilpotent Lie algebra. n admits a nilsoliton metric if and only if the GL n (C)-orbit of µ is distinguished of the action of
Theorem 2.5 provides us with another technique. It is easy to see that Nikolayevsky's nice basis criterium is also true in the complex case (see [F3, Remark 3.2] ); i.e. given a complex nilpotent Lie algebra (C n , µ) which is written in a nice basis for the action of .3 has at least one solution x with positive coordinates where m = #(R(µ)) and U is the Gram matrix of (R(µ), ⟨⟨⋅, ⋅⟩⟩) (here, ⟨⟨⋅, ⋅⟩⟩ is the usual Hermitian inner product on gl n (C)).
A real nilpotent Lie algebra n ∶= (R n , µ) could not admit a nice basis for the action of
n . However, it may happen that n admits a nice basis for the action of GL n (C) on Λ
is written in a nice basis witĥ µ ∈ GL n (C)⋅µ and GL n (C)⋅µ being a distinguished orbit; consequently, (R n , µ) admitting a nilsoliton metric. One can easily find a distinguished pointμ in the A-orbit ofμ as above. By results of Linda Ness [N, Theorem 6.2] , it is well known that any distinguished point in GL n (C) ⋅ µ is in the C * U(n)-orbit ofμ, hence to find a distinguished point in the GL n (R)-orbit of µ, we study the real forms in C * U(n) ⋅μ which are isomorphic over R to µ.
The Classification
In this section, we give the classification of nilsoliton metrics on 7-dimensional (isolated) nilpotent Lie algebras. By using that any nilpotent Lie algebra of dimension less or equal than 6 is an Einstein nilradical, one obtains that any decomposable 7-dimensional nilpotent Lie algebra is an Einstein nilradical and it is easy to give a nilsoliton metric in each case.
Following to [G] , there are 5-one parameter families and 41 isolated nilpotent Lie algebras which are not written in a nice basis. We will use the exclamation mark to indicate such algebras, and where we have an extra exclamation mark, such algebra has a nonpositive pre-Einstein derivation; and hence it does not admit any nilsoliton metric. The one-parameter families (147E1) [t] , (1357S) [t] and the isolated algebras (257J1), (247E), (247G), (247H), (247H1), (247R), (1357Q), (1357Q1), (1357R), (12457L) can be worked out as the Examples 3.3 and 3.4, while the remaining algebras were studied in [F2] (to obtain [F1, Theorem 7] , we give in some cases nilsoliton metrics which are considered here again).
Theorem 3.1. The classification of 7-dimensional nilsoliton metrics on isolated nilpotent Lie algebras (plus (147E)[0 < t < 1]) is given according to the notation in [G] by the following list
The notation in the list is as follows: dim(Der) ∶= Dimension of the algebra of derivations, rank ∶= Dimension of a maximal torus of semisimple derivations. By φ we denote 4 times the Einstein derivation or the pre-Einstein derivation, depending if the respective algebra admits or does not admit a nilsoliton metric, and β 2 is the real number such that 1 11 Diag(5, 7, 12, 9, 17, 16, 14) , β Numbers (3, 7, 11, 11, 7, 3 , 1) (≅ R g 3.23 ).
Einstein der. φ = 1 10 Diag (4, 5, 9, 9, 13, 14, 13) 10 e 6 (9) (357C): dim(Der) = 16, rank = 2, Betti Numbers (3, 7, 11, 11, 7, 3, 1) 
Einstein der. φ = 1 21 Diag(9, 10, 19, 18, 28, 29, 27) ,
(10) (27A): dim(Der) = 21, rank = 4, Betti Numbers (5, 10, 16, 16, 10, 5, 1) 
Einstein der. φ = 1 11 Diag(5, 7, 12, 12, 10, 17, 17) 22 e 7 (14) (257C): dim(Der) = 18, rank = 3, Betti Numbers (4, 9, 13, 13, 9, 4, 1) (≅ R g 3.9 ).
Einstein der. φ = 2 11 Diag(3, 3, 6, 6, 5, 9, 8) Diag(6, 7, 13, 12, 11, 19, 18) Numbers (4, 8, 11, 11, 8, 4 , 1) (≅ R g 3.15 ).
Einstein der. φ = 1 10 Diag (5, 6, 11, 7, 9, 16, 13) 10 e 6 (17) (257F): dim(Der) = 18, rank = 3, Betti Numbers (4, 9, 12, 12, 9, 4, 1) (≅ R g 3.14 ).
Einstein der. φ = 1 11 Diag(9, 5, 14, 9, 10, 19, 14) , β Diag(8, 11, 19, 15, 15, 27, 30) 4 e 7 (26) (247B): dim(Der) = 15, rank = 3, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 3.21 ).
Einstein der. φ = 1 22 Diag(6, 15, 11, 21, 17, 27, 28) 2, Betti Numbers (3, 7, 11, 11, 7, 3, 1) 
Einstein der. φ = 1 35 Diag(11, 29, 20, 40, 31, 51, 42) 70 e 6 (28) (247D): dim(Der) = 15, rank = 3, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 3.22 ).
Einstein der. φ = 1 22 Diag (7, 10, 12, 17, 19, 24, 29) 11 e 7 (29) (247E)!: dim(Der) = 14, rank = 2, Betti Numbers (3, 5, 9, 9, 5, 3, 1) (≅ C g 2.12 ).
Einstein der. φ = 1 10 Diag (3, 5, 5, 8, 8, 11, 13) 4 e 7 (30) (247E1): dim(Der) = 14, rank = 2, Betti Numbers (3, 5, 9, 9, 5, 3, 1) (≅ R g 2.12 ).
Einstein der. φ = 1 10 Diag (3, 5, 5, 8, 8, 11, 13) 4 e 7 (31) (247F): dim(Der) = 13, rank = 3, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 3.4 ).
Einstein der. φ = 1 14 Diag(6, 5, 5, 11, 11, 16, 16) 14 e 6 (32) (247F1): dim(Der) = 13, rank = 3, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ C g 3.4 ).
Einstein der. φ = 1 14 Diag(6, 5, 5, 11, 11, 16, 16) 14 e 6 (33) (247G)!: dim(Der) = 12, rank = 2, Betti Numbers (3, 5, 9, 9, 5, 3, 1) (≅ R g 2.34 ).
Einstein der. φ = 1 55 Diag(22, 20, 21, 42, 43, 62, 64) (36) (247I): dim(Der) = 14, rank = 3, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 3.5 ). Einstein der. φ = 1 22 Diag(10, 11, 7, 21, 17, 28, 24) 11 e 7 (37) (247J)!: dim(Der) = 13, rank = 2, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 2.26 !).
Einstein der. φ = 1 19 Diag (7, 10, 7, 17, 14, 21, 24) 38 e 6 (38) (247K): dim(Der) = 12, rank = 2, Betti Numbers (3, 5, 9, 9, 5, 3, 1) (≅ R g 2.35 ).
Einstein der. φ = 1 15 Diag (5, 7, 6, 12, 11, 17, 18) 14 e 6 (40) (247M): dim(Der) = 14, rank = 2, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 2.42 ).
Pre-Einstein der. φ = 1 41 Diag(11, 30, 22, 41, 33, 52, 55 14 e 6 (43) (247P): dim(Der) = 15, rank = 3, Betti Numbers (3, 7, 11, 11, 7, 3, 1) Betti Numbers (3, 7, 11, 11, 7, 3, 1) 
Pre-Einstein der. φ = 1 2 Diag(1, 1, 1, 2, 2, 2, 3), It does not admit. (45) (247Q): dim(Der) = 14, rank = 2, Betti Numbers (3, 6, 10, 10, 6, 3, 1) (≅ R g 2.1(v) ).
Pre-Einstein der. φ = 2 19 Diag(3, 5, 6, 8, 9, 11, 14) , It does not admit. (46) (247R)!: dim(Der) = 13, rank = 1, Betti Numbers (3, 5, 9, 9, 5, 3, 1) (≅ C g 1.3(iv) ).
Pre-Einstein der. φ = 5 17 Diag(1, 2, 2, 3, 3, 4, 5), It does not admit. (47) (247R1): dim(Der) = 13, rank = 1, Betti Numbers (3, 5, 9, 9, 5, 3, 1) (≅ R g 1.3(iv) ).
Pre-Einstein der. φ = 5 17 Diag(1, 2, 2, 3, 3, 4, 5), It does not admit (48) (2457A): dim(Der) = 17, rank = 3, Betti Numbers (3, 7, 10, 10, 7, 3, 1) (≅ R g 3.2 ).
Einstein der. φ = 2 11 Diag(1, 5, 6, 7, 6, 8, 7) , β Numbers (3, 7, 9, 9, 7, 3, 1) (≅ R g 3.3 ).
Einstein der. φ = 1 22 Diag (5, 12, 17, 22, 15, 27, 27) 94 e 6 (58) (2457K): dim(Der) = 14, rank = 1, Betti Numbers (3, 6, 9, 9, 6, 3, 1) (≅ R g 1.9 ).
Pre-Einstein der. φ = 10 67 Diag (2, 3, 5, 7, 6, 8, 9 ), It does not admit. (59) (2457L): dim(Der) = 12, rank = 2, Betti Numbers (2, 5, 8, 8, 5, 2, 1) 17 e 6 (61) (2457M): dim(Der) = 13, rank = 2, Betti Numbers (2, 5, 9, 9, 5, 2, 1) (≅ R g 2.8 ).
Einstein der. φ = 1 14 Diag(3, 5, 8, 11, 13, 16, 14) , β (5, 10, 11, 11, 10, 5, 1) (≅ R g 3.18 ).
Einstein der. φ = 2 11 Diag(3, 4, 7, 6, 5, 5, 10) The basis {e 1 , . . . , e 7 } is a nice basis to (1357QRS1)[t ∈ R] for any t. If t ≠ 0, 1, the Gram matrix U is given by
The general solution to the problem U x = [1] 8 is given by
(1 + 11 a 1 , 2, −1 + 11 a 2 , 5 − 11 a 1 − 11 a 2 , 2, 4 − 11 a 1 − 11 a 2 , 11 a 2 , 11 a 1 ) T .
By taking a 1 and a 2 such that 0 < 11a 1 < 3 and 1 < 11a 2 < 4 − 11a 1 , we get a solution with positive coordinates. Hence, (1357QRS1)[t ∈ R] with t ≠ 0, 1 admits a nilsoliton metric ([Nk2, Theorem 3]). As we have mentioned above, to give a nilsoliton metric for each t in a simultaneous manner, it is in general incredibly difficult. But, if we fix the value of t, say t = −1, it is easy to give the nilsoliton metric for (1357QRS1)[t = −1]. To find such metric, we solve the problem
Diag (−7, −7, −3, −3, 1, 1, 5) for g ∈ A (Theorem 2.3). Let g = Diag(1, 1, the canonical inner product of R 7 defines a nilsoliton metric on (R 7 ,μ −1 ). Note that (1357QRS1)[t = −1] becomes (1357R) over C, therefore (1357R) also admits nilsoliton metrics (Theorem 2.5).
We study (1357QRS1) [ As we explained previously, (1357R) must admit a such metric. Furthermore, there must exist a g ∈ GL 7 (R) such that m(g ⋅ µ) satisfies the Equation (3.1).
It is easy to see that the pre-Einstein derivation of (R 7 , µ) is equal to 4 11 Diag(1, 1, 2, 2, 3, 3, 4) and as the pre-Einstein derivation of g ⋅ µ must be positively proportional to the Einstein derivation, 4 13 Diag (1, 1, 2, 2, 3, 3, 4) , we can try to find a such g in the group which commutates with the Einstein derivation. By solving
Diag (−7, −7, −3, −3, 1, 1, 5) with g ∈ G, we find 78 e 7 where the canonical inner product of R 7 defines a nilsoliton metric on (R 7 ,μ).
(76) (147A): dim(Der) = 15, rank = 3, Betti Numbers (4, 8, 9, 9, 8, 4, 1) (≅ R g 3.1(iii) ). Pre-Einstein der. φ = 1 2 Diag(1, 1, 1, 2, 2, 2, 3), It does not admit (77) (147A1): dim(Der) = 15, rank = 3, Betti Numbers (4, 8, 9, 9, 8, 4 , 1) (≅ C g 3.1(iii) ).
Pre-Einstein der. φ = Einstein der. φ = 4 35 Diag(4, 6, 5, 10, 9, 8, 14) 70 e 7 (79) (147D)!: dim(Der) = 15, rank = 2, Betti Numbers (3, 7, 9, 9, 7, 3, 1) (≅ R g 2.2 !).
Pre-Einstein der. φ = 1 2 Diag(1, 1, 1, 2, 2, 2, 3), It does not Einstein nilradical. (80) (147E) [0 < t < 1]: dim(Der) = 15, rank = 3, Betti Numbers (3, 7, 9, 9, 7, 3, 1) ( Betti Numbers (3, 7, 9, 9, 7, 3, 1) 
Einstein der. φ = 1 2 Diag (1, 1, 1, 2, 2, 2, 3) ,
It family admits nilsoliton metrics. (82) (1457A): dim(Der) = 16, rank = 3, Betti Numbers (4, 6, 9, 9, 6, 4, 1) (≅ R g 3.17 ).
Einstein der. φ = 5 22 Diag(1, 3, 4, 5, 3, 3, 6) 14 e 7 (85) (137A1): dim(Der) = 14, rank = 3, Betti Numbers (4, 7, 8, 8, 7, 4 , 1) (≅ C g 3.16 ).
Einstein der. φ = 1 14 Diag (5, 5, 8, 8, 13, 13, 18) 14 e 7 (86) (137B): dim(Der) = 13, rank = 2, Betti Numbers (4, 7, 7, 7, 7, 4, 1) (≅ C g 2.23 ).
Pre-Einstein der. φ = 4 11 Diag(1, 2, 1, 2, 3, 3, 4), It does not admit. (87) (137B1): dim(Der) = 13, rank = 2, Betti Numbers (4, 7, 7, 7, 7, 4, 1) (≅ C g 2.23 ).
Pre-Einstein der. φ = 4 11 Diag(1, 1, 2, 2, 3, 3, 4), It does not admit. (88) (137C): dim(Der) = 15, rank = 3, Betti Numbers (4, 7, 8, 8, 7, 4 , 1) (≅ R g 3.10 ).
Einstein der. φ = 1 22 Diag (7, 12, 11, 16, 19, 23, 30) 22 e 7 (89) (137D): dim(Der) = 14, rank = 2, Betti Numbers (4, 7, 8, 8, 7, 4 , 1) (≅ R g 2.1(iv) ).
Pre-Einstein der. φ = 2 19 Diag(3, 6, 5, 8, 9, 11, 14) , It does not admit. (90) (1357A): dim(Der) = 14, rank = 2, Betti Numbers (4, 7, 8, 8, 7, 4 , 1) (≅ R g 2.1(iii) ).
Einstein der. φ = 2 21 Diag(3, 5, 6, 8, 11, 9, 14) 38 e 7 (92) (1357C)!: dim(Der) = 13, rank = 1, Betti Numbers (4, 6, 7, 7, 6, 4, 1) 
Pre-Einstein der. φ = 5 17 Diag(1, 2, 2, 3, 4, 3, 5) , It does not admit. (93) (1357D): dim(Der) = 14, rank = 2, Betti Numbers (3, 6, 8, 8, 6, 3, 1) 
Einstein der. φ = 2 21 Diag (5, 3, 8, 6, 11, 9, 14) 2, Betti Numbers (3, 5, 8, 8, 5, 3, 1) (≅ R g 2.32 ).
Einstein der. φ = 2 29 Diag(10, 3, 13, 8, 16, 11, 19) Betti Numbers (3, 5, 7, 7, 5, 3, 1) (≅ R g 1.3(iii) ).
Einstein der. φ = 5 19 Diag (2, 1, 3, 2, 4, 3, 5) 3, 5, 7, 7, 5, 3, 1) 
Einstein der. φ = 5 19 Diag (2, 1, 3, 2, 4, 3, 5) 2, Betti Numbers (3, 6, 8, 8, 6 , 3, 1) (≅ R g 2.31 ).
Einstein der. φ = 1 46 Diag(15, 14, 29, 27, 43, 42, 57) Betti Numbers (3, 6, 7, 7, 6, 3, 1) 
Pre-Einstein der. φ = 4 11 Diag(1, 1, 2, 2, 3, 3, 4), It does not admit. (99) (1357I): dim(Der) = 12, rank = 2, Betti Numbers (3, 5, 7, 7, 5, 3 , 1) (≅ R g 2.33 ).
Einstein der. φ = 1 41 Diag(18, 10, 28, 15, 38, 33, 48) 82 e 7 (100) (1357J): dim(Der) = 11, rank = 1, Betti Numbers (3, 5, 6, 6, 5, 3 , 1) (≅ R g 1.8 ).
Pre-Einstein der. φ = 20 139 Diag(4, 2, 6, 3, 8, 7, 10 ), It does not admit. (101) (1357L)!: dim(Der) = 14, rank = 1, Betti Numbers (3, 6, 8, 8, 6, 3, 1) 
Pre-Einstein der. φ = 5 17 Diag(1, 2, 3, 2, 4, 3, 5) , It does not admit. 2, Betti Numbers (3, 6, 8, 8, 6, 3, 1) (≅ R g 2.1(it) ). Einstein der. φ = 2 21 Diag(3, 5, 8, 6, 11, 9, 14) , β 2, Betti Numbers (3, 6, 8, 8, 6, 3, 1) 
Pre-Einstein der. φ = 2 19 Diag(3, 5, 8, 6, 11, 9, 14) , It does not admit. (102.2) (1357M)[t = 1]: dim(Der) = 14, rank = 2, Betti Numbers (3, 6, 8, 8, 6, 3, 1) Diag(3, 5, 8, 6, 11, 9, 14) , Betti Numbers (3, 5, 7, 7, 5, 3, 1) (
19 Diag(1, 2, 3, 2, 4, 3, 5) , β Betti Numbers (3, 5, 7, 7, 5, 3, 1) Betti Numbers (3, 6, 7, 7, 6, 3, 1) 2, Betti Numbers (3, 6, 7, 7, 6, 3, 1) (≅ C g 2.37 ≅ C (1357R)) Einstein der. φ = Numbers (3, 6, 8, 8, 6, 3, 1) ( Numbers (3, 6, 7, 7, 6, 3, 1) (
Pre-Einstein der. φ = 4 11 Diag(1, 1, 2, 2, 3, 3, 4), It does not admit. (111) (1357S)! [t ∈ R∖{0, 1}]: dim(Der) = 12, rank = 1, Betti Numbers (3, 6, 7, 7, 6, 3, 1) (
t−1 ). Einstein der. φ = Einstein der. φ = 1 29 Diag (5, 17, 22, 27, 32, 20, 37) 82 e 7 (114) (13457C): dim(Der) = 12, rank = 2, Betti Numbers (3, 4, 4, 4, 4, 3, 1) (≅ R g 2.10 ).
Pre-Einstein der. φ = 1 5 Diag(1, 2, 3, 4, 5, 6, 7) , It does not admit. (115) (13457D)!: dim(Der) = 12, rank = 1, Betti Numbers (3, 5, 7, 7, 5, 3 , 1) (≅ R g 1.12 !).
Einstein der. φ = 25 124 Diag(1, 2, 4, 3, 4, 5, 6) 124 e 6 (116) (13457E): dim(Der) = 11, rank = 1, Betti Numbers (3, 4, 4, 4, 4, 3, 1) (≅ R g 1.1(vi) ).
Pre-Einstein der. φ = 1 5 Diag(1, 2, 3, 4, 5, 6, 7) , It does not admit. (117) (13457F): dim(Der) = 11, rank = 1, Betti Numbers (2, 4, 7, 7, 4, 2, 1) (≅ R g 1.10 ).
Einstein der. φ = 45 446 Diag (2, 3, 5, 7, 9, 8, 11) 223 e 7 (118) (13457G)!!: dim(Der) = 11, rank = 1, Betti Numbers (2, 3, 4, 4, 3, 2, 1) (≅ R g 1.03 !!).
Pre-Einstein der. φ = 2 3 Diag(0, 1, 1, 1, 1, 2, 2), It does not admit; φ ≯ 0 (119) (13457I)!!: dim(Der) = 10, rank = 0, Betti Numbers (2, 3, 4, 4, 3, 2, 1) (≅ R g 0.7 !!).
Pre-Einstein der. φ = 0, It does not admit; φ ≯ 0 (120) (12457A): dim(Der) = 13, rank = 2, Betti Numbers (3, 5, 7, 7, 5, 3, 1) 6 e 7 (121) (12457B)!!: dim(Der) = 12, rank = 1, Betti Numbers (3, 5, 7, 7, 5, 3 , 1) (≅ R g 1.01(ii) !!).
Pre-Einstein der. φ = Diag(0, 1, 1, 1, 0, 1, 1), It does not admit; φ ≯ 0 (122) (12457C): dim(Der) = 12, rank = 2, Betti Numbers (3, 4, 4, 4, 4, 3, 1) (≅ R g 2.13 ).
Einstein der. φ = 1 86 Diag(16, 21, 37, 53, 48, 69, 90) 86 e 7 (123) (12457D): dim(Der) = 11, rank = 1, Betti Numbers (3, 4, 4, 4, 4, 3, 1) (≅ R g 1.20 ).
Pre-Einstein der. φ = 8 47 Diag (2, 1, 3, 5, 6, 7, 8 ), It does not admit. (124) (12457E)!: dim(Der) = 11, rank = 1, Betti Numbers (3, 5, 6, 6, 5, 3, 1) (≅ R g 1.11 !).
Einstein der. φ = 6 31 Diag(1, 2, 3, 3, 4, 5, 6) Pre-Einstein der. φ = 0, It does not admit; φ ≯ 0. (127) (12457H): dim(Der) = 12, rank = 2, Betti Numbers (2, 3, 6, 6, 3, 2, 1) (≅ R g 2.5 ).
Einstein der. φ =
